We present an analytical calculation of the two-loop QCD corrections to the electromagnetic form factor of heavy quarks. The two-loop contributions to the form factor are reduced to linear combinations of master integrals, which are computed through higher orders in the parameter of dimensional regularization ǫ = (4 − D)/2. Our result includes all terms of order ǫ at two loops and extends the previous literature. We apply the exponentiation of the heavy-quark form factor to derive new improved three-loop expansions in the high-energy limit. We also discuss the implications for predictions of massive n-parton amplitudes based on massless results in the limit, where the quark mass is small compared to all kinematical invariants.
Introduction
The electromagnetic form factor of quarks comprises the simplest example of a scattering amplitude in Quantum Chromodynamics (QCD) and is of basic importance both for theory and phenomenology. To mention one example, the heavy-quark form factor is directly linked to phenomenological predictions for the forward-backward asymmetry for inclusive bottom quark production in electron-positron annihilation. In a wider theoretical context, the heavy-quark form factor is a quantity of interest in its own. Being gauge invariant, it provides the simplest instance for the study of mass effects in QCD hard scattering processes including higher-order quantum corrections and, as a key building block, it also relates to many other hard scattering processes involving massive quarks. For these reasons the form factor of massive quarks and in particular its QCD radiative corrections have received much attention in recent years.
In an impressive series of papers the two-loop QCD corrections to the heavy-quark form factors have been obtained for the vector-and axial-vector coupling as well as the anomaly contributions [1, 2, 3] . Besides being mandatory for precision phenomenology, these explicit results for the massive form factor also exhibit certain universal features of higher order radiative corrections. It has long been known, that the leading logarithms of Sudakov type [4] in heavy-quark mass m can be resummed [5] , while the exponentiation of the complete collinear and infrared singularities of the massive form factor within dimensional regularization has been addressed only rather recently [6] .
As an immediate consequence it is now possible to derive important partial information about massive n-parton gauge amplitudes from purely massless calculations at any order in perturbation theory [6] , see also [7, 8] . This exploits the factorization properties in the soft and collinear limit of the respective amplitudes, i.e. the one with all partons massless [9, 10] and the amplitude with, say, fermions of mass m in the presence of a typical large kinematical invariant Q 2 in the limit m 2 /Q 2 → 0. The procedure results in a universal and process independent multiplicative relation between the two amplitudes. The concept has been put to test in various applications up to two loops, e.g. the derivation of the QCD corrections to hadro-production of top-quarks [11, 12] or the Quantum Electrodynamics (QED) correction to Bhabha scattering [8] . Currently, this is an active area of research [13, 14] .
In the present paper we study the two-loop QCD corrections for the vector form factor of heavy quarks in dimensional regularization. We first perform an independent check of Ref. [1] . Subsequently, we provide new results by extending the two-loop results in D = 4 − 2ǫ dimensions up to terms of order ǫ. To that end the relevant master integrals at two loops have been computed to sufficiently high orders in ǫ and the results for those are given as well. We are then in the position to discuss several applications. After testing the D-dimensional exponentiation to order ǫ at two loops, we can utilize its predictive power to derive a new improved three-loop prediction for the form factor to logarithmic accuracy in the heavy-quark mass m. In the same spirit, we extend the results for the universal Z factor relating massless and massive amplitudes in the small-mass limit. Finally, as a by-product of our calculation, we also investigate the threshold limit of the heavyquark form factor up to two loops and we discuss the Coulomb singularities for color-singlet and octet currents.
The outline of the paper is as follows. In Section 2 we recall the definition of the vector form factor of massive quarks and sketch the important parts of our computation. We also provide some details of the integral reduction and the relevant master integrals. Our main result, the two-loop QCD contributions for the form factor up to order ǫ, is presented in Sec. 3 along with expansions in kinematical limits (threshold and high energy production). Finally, Sec. 4 discusses the above mentioned applications, i.e. the exponentiation which leads to a new three-loop prediction for the form factor and to improved formulae for relating massless and massive amplitudes through three loops. We conclude in Sec. 5.
Calculation
The coupling of a vector current to a heavy-quark pair can be conveniently written in terms of a vertex function Γ µ . Given a photon of virtuality Q 2 (we take space-like q 2 = −Q 2 < 0 throughout this Section) the expression for Γ µ reads
Here the external quark (anti-quark) of incoming momentum k 1 (k 2 ) is on-shell with m denoting its mass and e q its charge, thus k 2 1 = m 2 (and k 2 2 = m 2 ), and it is q + k 1 + k 2 = 0. The scalar functions F 1 and F 2 on the right-hand side are the electric and magnetic space-like quark form factors, i.e. our main quantities of interest. With the help of suitable projections of Γ µ (see e.g. Ref. [1] ) F 1 and F 2 in Eq. (1) can be computed. They are gauge invariant, but in general, at higher orders in perturbative QCD divergent. Both, F 1 and F 2 enjoy a power expansion in the strong coupling α s at the scale µ 2 (to be employed also for all other quantities throughout this article)
T ree One
where we have introduced the shorthand notation a s ≡ α s /(4π). All necessary Feynman diagrams entering the computation of the electric and magnetic form factors propagator. Likewise diagram GL stands for the gluon and the ghost loop. Throughout this article, n f = n l + 1 is the total number of flavors, which is the sum of one heavy (n h = 1) and n l light quarks. The notation in Fig. 2 is taken over from the corresponding calculation for the form factor of massless quarks, see e.g. Ref. [15] .
Master integrals
The number of Feynman diagrams in Figs. 1 and 2 is relatively small. Thus, their treatment and the reduction of the corresponding Feynman integrals proceeds in a standard way. The reduction has been achieved with the Laporta-Remiddi algorithm [16, 17] , as implemented in the Maple program AIR [18] . In this way a list of so-called master integrals, possibly with additional irreducible scalar products of loop momenta in the numerator (in short: 'numerators') has been obtained together with the corresponding algebraic relations between the master integrals and the form factors F 1 and F 2 .
We display all master integrals in Figs. 3 and 4 and tabulate them in Tab. 1. We found it convenient to replace master integrals with numerators by so-called dotted ones. Dotted master integrals are free of numerators but have higher powers of propagators. They are independent of the (arbitrary) momentum configurations inside the loop graphs. This transformation can be achieved with appropriate integration-by-parts (IBP) relations.
The Feynman integrals are defined as follows:
where L is the number of loops and X some numerator structure. With this definition, for example, = m 2 1−ǫ 1 ǫ
Actually, all master integrals have already been considered in a project concerned with the twoloop QED corrections to Bhabha scattering [19, 20] , as well as during the previous two-loop QCD computation of the heavy-quark form factor in Ref. [1] (see also the References in the last column of Tab. 1). Because we are aiming at the determination of F 1 and F 2 including the O(ǫ) terms at two loops, the master integrals are needed here to higher powers in ǫ. Therefore we will point out specifically the required extensions (see Tab. 1) . Refs. [19, 20] . Stars ' * ' denote one-loop master integrals, the suffix 'OS' on-mass-shell functions, and the suffix 'd' dotted masters.
For instance, the on-shell master integral SE3l3mOS (see Fig. 3 ) has to be evaluated until terms of the order O(ǫ 3 ). The solution for SE3l3mOS, which is, together with the other on-mass-shell master SE3l1mOS, actually one of the simplest masters, has been obtained using the package ON-SHELL2 [21] The computation of QCD corrections to form factors is a one-scale problem with variable Q 2 /m 2 and the results can be expressed in terms of harmonic polylogarithms (HPLs) up to weight five H m 1 ,...,m w (x), m j = 0, ±1. The HPLs were introduced in [22] . They depend on the conformal variable x,
with Q 2 > 0 and 0 ≤ x ≤ 1.
One-scale master integrals can be naturally solved by the method of differential equations [29, 30] which allows the determination of the master integrals analytically to the desired order in ǫ. The algebraic relations between masters with numerators and dotted master integrals sometimes contain coefficients with additional singularities in ǫ. This is a well-known feature in the algebraic reductions based on integrations by part requiring a deeper expansion of the corresponding master integrals in ǫ. The complete set of master integrals needed, some of them being quite lengthy, contains HPLs up to weight six. We refrain from printing the explicit results in this paper. They can be found at the webpage [31] in the file Masters_V_QCD_2loops_eps.m.
Let us briefly describe the checks on the master integrals. As was mentioned, we used differential equations to compute the analytic x-dependence of all coefficients of the Laurent expansions in ǫ in terms of HPLs. Numerical evaluations of the HPLs may be done with the Mathematica library HPL [32] . In addition, we evaluated the master integrals at selected kinematical points in the Euclidean region by two independent methods. To that end we (i) used the sector decomposition package sector_decomposition [33] and (ii) derived and evaluated Mellin-Barnes representations for the masters with the programs ambre [34] and MB [35] .
In principle, the method of differential equations allows the computation of master integrals to any depth in ǫ. In practice, though, every additional power of ǫ poses a new challenge. Nevertheless, we have been able to push the calculation for each of the master integrals even to one power in ǫ beyond what is actually needed (see Tab.1). For instance, the on-shell master integral SE3l3mOS (see Fig. 3 ) has been evaluated until terms of the order O(ǫ 4 ). Due to the iterative nature of the method of differential equations this implies further constraints and an additional self-consistency check on the correctness of the solutions. As a consequence of our strategy we met at intermediate steps HPLs up to weight seven. We observe the cancellation of all HPLs with weights bigger than five at order O(ǫ) after summation of all two-loop Feynman diagrams in Fig. 2 . An analogous statement applies to the corresponding constants of weight six. All terms like e.g. ζ 6 , ζ 2 3 , or s 6 = S (−5, −1; ∞) = 0.9874414264032997137... (the latter one is defined e.g. in Ref. [32] ) disappear in the final result. The master integrals and their Laurent series are now known sufficiently deep in ǫ for a computation of the QCD form factor at two loops including all terms of order ǫ 2 . This is clearly beyond the scope of the present paper, but we comment on this issue again in Sec. 4.
Renormalization
From the Feynman diagrams of Figs. 1 and 2 we obtain the bare results for F b 1 and F b 2 within dimensional regularization, D = 4 − 2ǫ. The ultraviolet divergences require renormalization by adding the appropriate counter-terms CT 1 and CT 2 and we briefly present all necessary formulae. The relevant parameters to be renormalized are the strong coupling constant α s , the external (heavy-quark) wave function ψ and the heavy-quark mass m. The latter denotes the pole mass, so that the renormalization of m imposes the on-shell condition. The bare (unrenormalized) quantities are multiplicatively related to the renormalized ones,
and we work in the MS-scheme, but Z 2 and Z m are to be taken in the on-shell scheme. The necessary renormalization constants are all known [1, 36, 37] and through two loops also to sufficient depth in ǫ, where we have always set the factor S ǫ = (4π) ǫ exp(−ǫγ E ) = 1 and in the MS-scheme
In addition to Eqs. (8)- (11) the two-loop counter-terms CT (2) i , i = 1, 2 contain the subtraction of those one-loop sub-divergences from the two-loop diagrams of . They can be derived from diagram One in Fig. 1 upon insertion of a one-loop mass counter-term for the heavy quark in the loop (see [1] ). F mct,(1) 1 and F mct,(1) 2 need to be calculated to order O(ǫ 2 ) and we find in space-like kinematics, q 2 = −Q 2 < 0, the following results have been computed before to order O(ǫ) (see [1] ), the O(ǫ 2 ) terms are new. 1 All results are given in terms of HPLs with argument 0 ≤ x ≤ 1. Moreover, it is convenient to abbreviate the ubiquitous polynomial
which is related to the quark-quark splitting function at one-loop, p(x) = 2/(1 − x) − 1 − x. We use also the additional definitions
With these ingredients we arrive at the following results for counter-terms at one-and twoloops, CT ( 
1) i
and CT (2) i . These counter-terms need to be added to the sum of the unsubtracted (bare) diagrams in order to arrive at the (ultraviolet) renormalized heavy-quark form factors.
where i = 1, 2 and, trivially, F 
Results
We are now in a position to present our main results. In space-like kinematics, q 2 = −Q 2 < 0, the renormalized form factors F 1 (electric) and F 2 (magnetic) through NNLO in QCD and up to O(ǫ) are expressed in terms of HPLs of argument x, 0 ≤ x ≤ 1, see Eq. (6). We also factorize again the polynomials p(x), q(x) and employ the abbreviations x n , see Eqs. (14)- (16) . Adding the bare diagrams in Figs. 1 and 2 together with the counter-terms of Eqs. (17) and (18),
and setting the scale to µ 2 = m 2 , we have: + (x 4 − 2x 3 + 5/3x 2 − 2/3x 1 )(1728ζ 2 ln 2 − 816H −1 ζ 3 ) 
The one-loop part of F 1 in Eq. (20) has first been given in Ref. [6] , and also F
2 in Eq. (22) was known to O(ǫ) before [1] . For the two-loop parts of Eqs. (21) and (23) up to O(ǫ 0 ) we have found agreement with Ref. [1] . All other terms, especially those at O(ǫ) in Eqs. (21) and (23), are new.
In time-like kinematics above production threshold (Q 2 > 4m 2 ) the conformal variable y is defined as
From Eqs. (20)- (23) the corresponding results for the form factor can be obtained by means of a suitable analytic continuation, x → y = −x, taking into account the (complex) continuation of Q 2 . This continuation is easily performed with the help of routines for HPLs [22] implemented in FORM [38] , the only subtle point being logarithmic branch cuts, starting with
Thanks to Eq. (25), both F 1 and F 2 develop an imaginary part in the time-like region,
Asymptotic expansions
Let us next study the asymptotic expansions of Eqs. (20)- (23) . In the (space-like) high-energy limit, Q 2 ≫ m 2 , i.e. x → 0, we abbreviate the logarithmically enhanced terms,
Then, employing algebraic properties of HPLs and keeping the scale µ 2 = m 2 we obtain from Eqs. (20)- (23) the asymptotic expansions for the renormalized form factors. Here and in the following we set T R = 1/2.
For the magnetic form factor F 2 only the first power in m 2 /Q 2 has been kept in the expansion. In Eqs. (29) and (31), we have also separated the contribution proportional to C F T R coming from the heavy-quark loop in diagram QL. This part is finite after renormalization and proportional to a single power of C F only, thus it enters at O(ǫ 0 ) and O(ǫ 1 ) at two loops. Moreover, due to the The color coefficients multiplying the result of the individual Feynman diagrams of the quark form factor (cf. Fig. 2 ) for a current in the singlet 1 or octet 8 representation of the color-SU(N c ) gauge group. The scalar functions are given in the respective equations.
magnetic form factor F
2 in Eq. (30) being finite also the terms proportional to the number of light quarks n l are finite in Eq. (31) .
The expansions (28) and (29) for F 1 in combination with the exponentiation of the heavy-quark form factor provide an independent consistency check on the correctness of our result, in particular of the new terms of order ǫ at two loops in Eq. (21) . A detailed discussion of this aspect will be presented in the next Section.
Let us instead now turn to the limit Q 2 ∼ 4m 2 , i.e. y → 1, which provides the threshold expansion in time-like kinematics, cf. Eq. (24) . The relevant small parameter in which we expand here is the heavy-quark velocity β,
In this particular limit, i.e. β ∼ 0, the well-known Coulomb singularities appear. The inverse powers of β contributing to the form factor have already been directly addressed in investigations of nonrelativistic QCD (e.g. [39, 40] ). Without repeating too much of the discussion in the literature, it is perhaps instructive, to study the anatomy of Coulomb two-loop corrections based on the individual diagrams which we have at our disposal. To that end, we list below the individual results for the threshold expansion of the bare Feynman diagrams from Fig. 2 up to terms of O(β) and terms of O(ǫ) as they enter in the computation of the bare form factor
with i = 1, 2 and the symmetry factor of 2 has been added for the diagrams GV, QV and S . It is also understood, that the respective color factor multiplying each diagram is taken from column 1 in Tab. 2, i.e. for a color-singlet current: 
Coulomb enhanced contributions, the relevant Born cross section σ
I factorizes, so that
where the ∆ (i)
I can be expressed in terms of the threshold expansions of the renormalized form factors above threshold, cf. Eq. (26) . For the color-singlet case (qq) 1 we have from Eq. (33),
Upon adding Eqs. (34)- (47) with the appropriate color coefficients from Tab. 2 and performing the necessary renormalization, i.e. the threshold expansion of the time-like counter-terms (12)- (13), we find the Coulomb corrections for the color-singlet final state as
Note, that all divergencies in ǫ as well as all higher inverse powers in β have canceled in Eqs. (52) and (53) after these modifications are then indeed obtained as in Eqs. (52), (53) with the replacement of the color factor 2C F → (2C F − C A ). This is in complete agreement with results from potential non-relativistic QCD (e.g. [39, 40] ).
Applications
In this Section we present several applications of the new results for the heavy-quark form factor. Particular emphasis will be put on new three-loop predictions, because the order ǫ results at two loops are necessary ingredients for a full analytic three-loop calculation. The applications will mostly be concerned with the electric form factor F 1 . We discuss the property of exponentiation as well as its role in the determination of massive n-parton gauge amplitudes in the high-energy limit from massless ones.
Exponentiation of form factor
Let us start by recalling briefly the exponentiation for the heavy-quark form factor. This feature is based on the universality of soft and collinear radiation and the respective singular terms in F 1 , i.e. the poles in ǫ and the large logarithms ln(m) of Sudakov type [4] , so that F 1 fulfills the following evolution equation (see e.g. [5, 6] 
where the dependence on the various scales has been made explicit. QCD factorization at the scale µ allows to separate in Eq. (54) the dependence on the hard scale Q from that on the heavy-quark mass m. To logarithmic accuracy, the former rests entirely in the function G while the latter is associated with the function K. Both functions, G and K, are subject to renormalization group equations [5, 44] governed by the same (well-known) cusp anomalous dimension A [45, 46, 47] ,
In dimensional regularization, the solution of the evolution equation (54) proceeds in complete analogy to the construction for the form factors of massless quarks and gluons, see for example [15, 48, 49, 50] . In the massive case, the necessary integration constant is parameterized through the matching function C. For the (ultraviolet) renormalized massive form factor F 1 with space-like virtuality q 2 = −Q 2 < 0 and in terms of the renormalized coupling α s (µ 2 ) we arrive at
× exp
where all quantities on the right hand side are defined in D dimensions (note a change of sign in the definition of K compared to Ref. [6] ). They are functions of the D-dimensional strong couplinḡ a and can be expressed in terms of the ordinary coupling α s in four dimensions (see e.g. [15] 
) like the functions C(ā), G(ā) and K(ā).
The coefficients in the perturbative expansion of the cusp anomalous dimension A and the function G agree with those of the form factor for massless quarks, see e.g. [15, 49] . Due to the heavy-quark mass acting as an additional regulator in the collinear limit the coefficients of the infrared counter term K and also the matching function C take, on the other hand, particular values. Their respective coefficients read
With these values for A, G, K and C and, upon performing the integrations over ξ and λ in Eq. (56) the exponential for F 1 generates all large logarithms in the heavy-quark mass m (even including higher orders of ǫ). In particular, we are able to reproduce the high-energy expansions through two loops in Eqs. (28) and (29) . This result provides an independent check of our result, because the exponentiation (56) relies on functions A and G that have been derived in massless computations.
Let us at this point make two remarks on the exponential (56) . First, the derivation of Eq. (56) relies on the heavy-quark masses (acting as infrared regulator) to be attached to external lines. By construction, we have omitted all contributions from diagram QL in Fig. 2 with a virtual heavyquark in the loop in Eq. (56) and the comparison to Eqs. (28) , (29) . These contributions are finite after performing the ultraviolet renormalization, but they still do contain Sudakov logarithms L, see Eq. (27) . It is well-known, that these remaining logarithms also obey an exponentiation similar to Eq. (56), see e.g. Ref. [6] and related discussions in electro-weak theories [51, 52] . Here, we do not elaborate on this point further.
Second, in the exponential expression Eq. (56) for the form factor we have used the standard MS coupling running with n l light flavors. In order to compare Eq. (56) or rather its expanded version to the fixed-order results Eqs. (20) and (21) which also employ the MS-scheme, but a running coupling with a total number of flavors n f = n l + 1, one has to apply the decoupling relations [53] . The necessary decoupling constant for α s at flavor thresholds is known to O(α 3 s ) [54, 55] (see also Refs. [56, 57] for O(α 4 s )). To relate the two results, we use the following relation for α s ,
s is the standard MS coupling for n l quark flavors expanded in terms of α (n f ) s for n f = n l +1 flavors, both evaluated at the scale µ 2 , and
Eq. (61) uses the pole-mass m and the higher order terms in ǫ in Eq. (61) are needed for the higher order expansion coefficients in Eqs. (28) and (29) . Now we are ready to employ Eq. (56) to obtain a partial new three-loop prediction for F 1 in the limit Q 2 ≫ m 2 . With the necessary expansion coefficients for A and G to third order, we obtain at the scale µ = m,
As detailed above, we have omitted the finite contributions arising from virtual heavy-flavor lines, i.e. diagram QL in Fig. 2 with the heavy-quark in the loop and higher order generalizations thereof. All singularities in ǫ however are controlled by the decoupling relation (61) which also gives rise to the terms proportional to C F 2 ,C F C A and C F n l . The latter are explicitly displayed in Eq. (63) .
The accuracy of the prediction for F
1 in Eq. (63) is limited by lacking knowledge about the three-loop function K (3) controlling the infrared sector of the massive theory. K (3) has been kept explicitly in Eq. (63) 1 contain the sum of G (3) including its order O(ǫ)-part which became available recently [58] , as well as the currently unknown three-loop matching function C (3) . Therefore we have truncated F 
Massive n-parton amplitudes
Let us again briefly summarize the key features of relating loop amplitudes with massive partons to massless ones. QCD factorization implies that a massive amplitude M (m) for any given physical process shares essential properties with the corresponding massless amplitude M (m=0) in the limit when all kinematical invariants are large compared to the heavy-quark mass m. One typically encounters in M (m=0) two types of singularities, soft and collinear ones, which are related to the emission of gluons with vanishing energy and to collinear parton radiation off massless hard partons, respectively. In dimensional regularization, these appear explicitly as factorizing poles in ǫ, see [9, 10] , and the associated anomalous dimensions are currently subject of active studies [50, 59, 60, 61, 62, 63] . In the massive case, the soft singularities remain in M (m) as single poles in ǫ and the heavy-quark mass m screens some of the collinear singularities giving rise to logarithms in m, see [6, 7] . Recent progress on the mass dependence in the relevant soft anomalous dimensions has been achieved in Refs. [13, 14, 64] .
The common physical origin of the singularities lends itself to a proportionality between M (m) and M (m=0) so that QCD factorization provides the remarkably simple and suggestive direct relation [6] 
The universal multiplicative factor Z (m|0) is process independent and depends only on the external parton. Then, Z (m|0) is defined simply as the ratio of the on-shell heavy-parton form factor and the corresponding massless on-shell one. E.g. for an external heavy quark q, we find
where only the electric form factor F 1 enters in the high-energy limit Q 2 ≫ m 2 , since F 2 vanishes for massless quarks. Here α s is evaluated at the scale µ 2 . The process independence of Z (m|0) is manifest, because the hard scale Q 2 drops out in Eq. (65) leaving only a function of the ratio of scales µ 2 /m 2 . The definition (65) of Z (m|0) , however, excludes terms with explicit dependence on the number of heavy quarks (e.g. the virtual heavy loop in diagram QL in Fig. 2 ). At two-loops (and beyond) one needs additional process dependent terms for their description [8] .
Applications of the formalism so far include the computation of the (virtual) two-loop QCD corrections to hadronic top-quark pair-production [11, 12] in the limit when all Mandelstam invariants are large, s, |t|, |u| ≫ m 2 . In the same approximation, the derivation of the two-loop QED corrections to Bhabha scattering for a small electron mass m e has been performed [8] (see also [65, 66, 67] for earlier work). These applications have also covered the complete dependence on virtual contributions for heavy fermions in loops, mostly by means of direct calculation [68, 69, 70, 71, 72] .
With the help of Eqs. (63), (65) and the known results [15] of the poles for the massless quark form factor we can extend the perturbative predictions for Z (m|0) to higher orders in α s . Defining
we can derive the three-loop coefficients Z
[q] up to the single poles in ǫ. Keeping the currently unknown function K (3) , see the exponential in Eq. (56), we obtain Z (1) [q] = C F 2 ǫ 2 + know also the high energy-limit of F
1 even to order O(ǫ 2 ) as well as that of F
1 to order O(ǫ 0 ). In terms of the functions K and C governing the exponentiation (56) this requires besides K (3) also the two-and three-loop matching coefficients C (2) and C (3) to sufficient depth in ǫ. Of these quantities, at least the coefficient C (2) is not entirely out of reach, because the necessary two-loop master integrals are known to sufficient depth in ǫ (see Sec. 2).
In closing, we comment once more on the importance of Eqs. (64) and (67)- (69) . We can derive all logarithmically enhanced terms and even the constant, i.e. mass-independent terms of M (m) , provided M (m=0) and all Z (i) [q] are known to sufficient depth in ǫ. For massless scattering amplitudes we do understand the general structure of singularities [9, 10] . This allows to predict the pole structure in ǫ of massless amplitudes at any order based on a small number of perturbatively calculable anomalous dimensions (see also [50, 61, 62, 63] ). This is a constructive approach to M (m=0) . Thus, with the help of Eq. (64), the singular limit of M (m=0) and the factors Z (i) , i = 1, . . . , 3 from Eqs. (67)- (69) one can study the logarithmically enhanced terms in an amplitude M (m) with external massive fermions. It is now, for instance, a straightforward exercise to investigate explicit results for the virtual contributions to massive-fermion scattering amplitudes in the small-mass limit at three loops, an obvious example being e.g. the three-loop virtual QED amplitude of Bhabha scattering to logarithmic accuracy. We leave these issues to future work.
Conclusions
The form factor of heavy quarks has been studied. Its radiative corrections in QCD are of great relevance for precision predictions of many observables at colliders. Moreover, on the formal side, they exhibit very interesting structures of quantum field theory.
We have presented a fully rigorous calculation of the two-loop QCD corrections to the electric and magnetic form factors F 1 and F 2 in dimensional regularization. This allows for an independent check of the previous computation reported in the literature [1] . In addition we have obtained new two-loop results at order ǫ. To that end, we have determined the Laurent series of the necessary master integrals to very high order in ǫ. The expansion of our result in various limits has delivered new insight into the anatomy of the two-loop form factor near threshold and the Coulomb singularities for color-singlet and octet currents. The high-energy limit on the other hand provided new tests of the exponentiation in D dimensions as well as an improved three-loop prediction for the form factor to logarithmic accuracy in the heavy-quark mass m. We have also discussed the consequences for massive scattering amplitudes, where we have been able to advance towards three-loop predictions for massive n-parton amplitudes in the small-mass limit based on the known singularity structure of the massless result. As the heavy-quark form factor and its QCD corrections are essential ingredients in high precision theory predictions, we believe, there will be several other future applications, where our results will prove to be useful.
Files of our results can be obtained from the preprint server http://arXiv.org by downloading the source. Furthermore they are available at [31] or from the authors upon request. 
